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 ECONOMIC THEORY AND MATHEMATICS-
 AN APPRAISAL

 By PAUL A. SAMUELSON
 Massachusetts Institute of Technology

 It has been correctly said that mathematical economics is flying high
 these days. So I come, not to praise mathematics, but rather to slightly
 debunk its use in economics. I do so out of tenderness for the subject,
 since I firmly believe in the virtues of understatement and lack of
 pretension.

 I realize that this is a session on methodology. Hence, I must face
 some basic questions as to the nature of mathematics and of its appli-
 cation. What I have to say on this subject is really very simple-per-
 haps too brief and simple. The time that I save by brief disposal of the
 weighty philosophical and epistemological issues of methodology I can
 put to good use in discussing the tactical and pedagogical issues-or
 what you might even call the Freudian problems that the mathematical
 and nonmathematical student of economics must face.

 The Strict Equivalence of Mathematical Symbols and Literary
 Words. On the title page of my Foundations of Economic Analysis, I
 quoted the only speech that the great Willard Gibbs was supposed ever
 to have made before the Yale Faculty. As professors do at such meet-
 ings, they were hotly arguing the question of required subjects: Should
 certain students be required to take languages or mathematics? Each
 man had his opinion of the relative worth of these disparate subjects.
 Finally Gibbs, who was not a loquacious man, got up and made a four-
 word speech: "Mathematics is a language."

 I have only one objection to that statement. I wish he had made it
 25 per cent shorter-so as to read as follows: "Mathematics is lan-
 guage." Now I mean this entirely literally. In principle, mathematics
 cannot be worse than prose in economic theory; in principle, it cer-
 tainly cannot be better than prose. For in deepest logic-and leaving
 out all tactical and pedagogical questions-the two media are strictly
 identical.

 Irving Fisher put this very well in his great doctoral thesis, written
 exactly sixty years ago. As slightly improved by my late teacher,
 Joseph Schumpeter, Fisher's statement was: "There is no place you
 can go by railroad that you cannot go afoot." And I might add, "Vice
 versa! "

 I do not think we should make too much of the fact that in recent
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 ISSUES IN METHODOLOGY 57

 years a number of universities have permitted their graduate students
 to substitute a reading knowledge of mathematics for a reading knowl-
 edge of one foreign language. For after all we run our universities on
 the principle that Satan will find work for idle hands to do; and the
 fact that we may permit a student to choose between ROTC and ele-
 mentary badminton does not mean that these two subjects are method-
 ologically identical. And besides, we all know just what a euphemism
 the expression "a graduate student's reading knowledge" really is.

 Indzuction and Deduction. Every science is based squarely on induc-
 tion-on observation of empirical facts. This is true even of the very
 imperfect sciences, which have none of the good luck of astronomy and
 classical physics. This is true of meteorology, of medicine, of eco-
 nomics, of biology, and of a number of other fields that have achieved
 only modest success in their study of reality. It used to be thought that
 running parallel with induction there runs an equally important process
 called "Deduction"-spelled with a capital D. Indeed, certain mis-
 guided methodologists carried their enthusiasm for the latter to such
 extremes that they regarded Deduction as in some sense overshadow-
 ing mere pedestrian induction.

 Now science is only one small part of man's activity-a part that is
 today given great honorific status, but which I should like to strip of
 all honorific status for purposes of this discussion. However, to the
 extent that we do agree to talk about what is ordinarily called science-
 and not about poetry or theology or something else-it is clear that
 deduction has the modest linguistic role of translating certain empirical
 hypotheses into their "logical equivalents." To a really good man,
 whose IQ is 300 standard deviations above the average, all syllogistic
 problems of deduction are so obvious and take place so quickly that he
 is scarcely aware of their existence. Now I believe that I am uttering a
 correct statement-in fact, it is the only irrefutable and empty truth
 that I shall waste your time in uttering-when I say that not every-
 body, nor even half of everybody, can have an IQ 300 standard devia-
 tions above the mean. So there is for all of us a psychological problem
 of making correct deductions. That is why pencils have erasers and
 electronic calculators have bells and gongs.

 I suppose this is what Alfred Marshall must have had in mind when
 he followed John Stuart Mill in speaking of the dangers involved in
 long chains of logical reasoning. Marshall treated such chains as if
 their truth content was subject to radioactive decay and leakage-at
 the end of n propositions only half the truth was left, at the end of a
 chain of 2n propositions, only half of half the truth remained, and so
 forth in a geometric multiplier series converging to zero truth. Obvi-
 ously, in making such a statement, Marshall was describing a property
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 of that biological biped or computing machine called homo sapiens; for
 he certainly could not be describing a property of logical implication.
 Actually, if proposition A correctly implies proposition B, and B cor-
 rectly implies proposition C, and so forth all the way to Z, then it is
 necessarily true that A implies Z in every sense that it implies B.
 There can be no leakage of truth at any stage of a valid deductive
 syllogism. All such syllogisms are mere translations of the type, "A
 rose is a rose is a rose."

 All this is pretty well understood when it comes to logical processes
 of the form: Socrates is a man. All men are mortal. Therefore, Socrates
 is mortal. What is not always so clearly understood is that a literary
 statement of this type has its complete equivalent in the symbolism of
 mathematical logic. If we write it out in such symbolism, we may save
 paper and ink; we may even make it easier for a seventeen-year-old
 freshman to arrive at the answer to complex questions of the type: "Is
 Robinson, who smokes cigarettes and is a non-self shaver, a fascist or
 is it Jones?" But nonetheless, the mathematical symbolism can be re-
 placed by words. I should hate to put six monkeys in the British
 Museum and wait until they had typed out in words the equivalent of
 the mathematical formulas involved in Whitehead and Russell's Mathe-
 matical Principia. But if we were to wait long enough, it could be done.

 The Case of Neoclassical Distribution. Similarly, in economics. The
 cornerstone of the simplest and most fundamental theory of produc-
 tion and distribution-that of Walras and J. B. Clark-is Euler's
 theorem on homogeneous functions. Now it is doubtful that Clark-
 who rather boasted of his mathematical innocence-had ever heard of
 Euler. Certainly, he cannot have known what is meant by a homo-
 geneous function. But nonetheless, in Clark's theory, there is the im-
 plicit assumption that scale does not count; that what does count is the
 proportions in which the factors combine; and that it does not matter
 which of the factors of production is the hiring factor and which the
 hired. If we correctly interpret the implication of all this, we see that
 Clark-just as he was talking prose and knowing it-was talking the
 mathematics of homogeneous functions and not knowing it.

 I have often heard Clark criticized for not worrying more about the
 exhaustion-of-the-product problem. He seems never to have worried
 whether rent, computed as a triangular residual, would be numerically
 equal-down to the very last decimal place-to rent calculated as a
 rectangle of marginal product. Like King Canute, he seems simply to
 have instructed his draftsman to draw the areas so as to be equal.

 As I say, Clark has often been criticized for not going into this prob-
 lem of exhaustion of the product. I myself have joined in such criti-
 cism. But I now think differently-at least from the present stand-
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 point of the nature of true logical deductive implication as distinct
 from the human psychological problem of perceiving truth and cram-
 ming it into the heads of one's students or readers. Even if Euler had
 never lived to perceive his theorem, even if Wicksell, Walras, and
 Wicksteed had not applied it to economic theory, Clark's doctrine is in
 the clear. His assumptions of constant-returns-to-scale and viable free-
 entry ensure for him that total revenue of each competitive firm will
 be exactly equal to total cost. And with this settled in the realm of cost
 and demand curves, there is no need for a textbook writer in some later
 chapter of his book dealing with production to suddenly become as-
 sailed by doubts about the "adding-up problem of exhaustion-of-the
 product."

 Now let me linger on this case for a moment. Economists have care-
 fully compared Wicksteed's and Clark's treatment of this problem in
 order to show that mathematics is certainly not inferior to words in
 handling such an important element of distribution theory.

 What is not so clear is the answer to the reverse question: Is not
 literary economics, by its very nature, inferior to mathematics in han-
 dling such a complex quantitative issue. As one eminent mathematical
 economist put it to me: "Euler's theorem is absolutely basic to the
 simplest neoclassical theory of imputation. Yet without mathematics,
 you simply cannot give a rigorous proof of Euler's theorem."

 Now I must concede that the economics literature does abound with
 false proofs of Euler's theorem on homogeneous functions. But what I
 cannot admit-unless I am willing to recant on all that I have been
 saying about the logical identity of words and symbols-I simply can-
 not admit that a rigorous literary proof of Euler's theorem is in princi-
 ple impossible.

 In fact, I tried a literary proof on my mathematical friend. He quite
 properly pointed out that it was not rigorous in the way it treated
 infinitesimals. I fully agree. My argument was heuristic. But I do
 claim that if my friend and I could spend a week or so talking together,
 so that I could describe in words the fundamental limit processes in-
 volved in the Newton-Leibniz calculus and derivatives, then this prob-
 lem of lack of rigor could be met. In fact, much more subtle properties
 of Pfaffian partial differential equations are in principle capable of
 being stated in basic English. As Professor Leontief has pointed out,
 the final proof of the identity of mathematics and words is the fact
 that we teach people mathematics by the use of words, defining each
 symbol as we go along. It is no accident that the printer of mathemati-
 cal equations is forced to put commas, periods, and other punctuation
 in them, for equations are sentences, pure and simple.

 Geometry in Relation to Words and Mathematical Analysis. Today
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 when an economic theorist deplores the use of mathematics, he usually
 speaks up for the virtues of geometrical diagrams as the alternatives.
 It was not always thus. Seventy years ago, when a man like Cairnes
 criticized the use of mathematics in economics, probably he meant by
 the term "mathematics" primarily geometrical diagrams. From the
 point of view of this lecture, the ancients were more nearly right than
 the modern critics. Geometry is a branch of mathematics, in exactly
 the same sense that mathematics is a branch of language. It is easy to
 understand why a man might have no use at all for economic theory,
 invoking, instead, a plague on mathematical economics, on diagrammatic
 textbooks, and on all fine-spun literary theories. It is also easy to
 understand why some men should want to swallow economic theory in
 all of its manifestations. But what is not at all clear-except in terms
 of human frailty-is why a man like Cairnes should be so enamored of
 literary theory and should then stop short of diagrams and symbols.
 Or why any modern methodologist should find some virtue in two-
 dimensional graphs but should draw the line at third or higher dimen-
 sions.

 I suggest that the reason for such inconsistent methodological views
 must be found in the psychological and tactical problems which consti-
 tute the remaining part of my remarks.

 But before leaving the discussion of the logical identity of mathe-
 matical symbols and words, I must examine its bearing on a famous
 utterance of Cairnes. He lived at a time when, as we now know, mathe-
 matics was helping bring into birth a great new neoclassical synthesis.
 Yet Cairnes went so far as to say: "So far as I can see, economic truths
 are not discoverable through the instrumentality of mathematics. If
 this view be unsound, there is at hand an easy means of refutation-the
 production of an economic truth, not before known, which has been
 thus arrived at." Now this view is the direct opposite of that of Mar-
 shall. Marshall in his own way also rather pooh-poohed the use of
 mathematics. But he regarded it as a way of arriving at truths, but
 not as a good way of communicating such truths-which is just the
 opposite of Cairnes's further remarks on the subject.

 Well, what are we to think of the crucial experiment proposed by
 Cairnes? In the first place, he himself was both unable and unwilling
 to use the mathematical technique; so it might have been possible for
 us to produce a new truth which Cairnes could never have been capa-
 ble of recognizing. Indeed, many have cogently argued that Jevons
 had in fact done so. However, from the methodological viewpoint that
 I have been expounding, it will be clear that any truth arrived at by
 way of mathematical manipulation must be translatable into words;
 and hence, as a matter of logic, could quite possibly have been arrived
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 at by words alone. Reading Cairnes literally, we are not required to
 produce a truth by mathematics that could not have been proved by
 words; we are only required to produce one that has not, as a matter of
 historical fact, been previously produced by words. I suggest that a
 careful review of the literature since the 1870's will show that a signi-
 cant part of all truths since arrived at have in fact been the product of
 theorists who use symbolic techniques. In particular, Walrasian gen-
 eral equilibrium, which is the peak of neoclassical economics, was
 already enunciated in Walras' first edition of the Elements at the time
 Cairnes was writing.

 Jevons, Walras, and Menger each independently arrived at the so-
 called "theory of subjective value." And I consider it a lucky bonus
 for my present thesis that Menger did arrive at his formulation with-
 out the use of mathematics. But, in all fairness, I should point out that
 a recent rereading of the excellent English translation of Menger's
 1871 work convinces me that it is the least important of the three
 works cited; and that its relative neglect by modern writers was not
 simply the result of bad luck or scholarly negligence. I should also add
 that the important revolution of the 1870's had little really to do with
 either subjective value and utility or with marginalism; rather it con-
 sisted of the perfecting of the general relations of supply and demand.
 It culminated in Walrasian general equilibrium. And we are forced to
 agree with Schumpeter's appraisal of Walras as the greatest of theor-
 ists-not because he used mathematics, since the methods used are
 really quite elementary-but because of the key importance of the
 concept of general equilibrium itself. We may say of Walras what
 Lagrange ironically said in praise of Newton: "Newton was assuredly
 the man of genius par excellence, but we must agree that he was also
 the luckiest: one finds only once the system of the world to be estab-
 lished!" And how lucky he was that "in his time the system of the
 world still remained to be discovered." Substitute "system of equi-
 librium" for "system of the world" and Walras for Newton and the
 equation remains valid.

 Summary of Basic Methodology. In leaving my discussion of Meth-
 odology with a capital M, let me sum up with a few dogmatic state-
 ments. All sciences have the common task of describing and summariz-
 ing empirical reality. Economics is no exception. There are no separate
 methodological problems that face the social scientist different in kind
 from those that face any other scientist. It is true that the social
 scientist is part of the reality he describes. The same is true of the
 physical scientist. It is true that the social scientist in observing a
 phenomenon may change it. The theory of quantum mechanics, with
 its Heisenberg uncertainty principle, shows that the same is true of the
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 physical scientist making small-scale observations. Sinmilarly, if we
 enumerate one by one the alleged differences between the social sciences
 and other sciences, we find no differences in kind.

 Finally, it is clear that no a priori empirical truths can exist in any
 field. If a thing has a priori irrefutable truth, it must be empty of
 empirical content. It must be regarded as a meaningless proposition in
 the technical sense of modern philosophy. At the epistemological fron-
 tier, there are certain refined difficulties concerning these matters. But
 at the rough and ready level that concerns the scientist in his everyday
 work, the above facts are widely recognized by scientists in every disci-
 pline. The only exceptions are to be found in certain backwaters of
 economics, and I shall not here do more than point the finger of scorn
 at those who carry into the twentieth century ideas that were not very
 good even in their earlier heyday.

 Differences in Convenience of Languages. I now turn to the really
 interesting part of the subject. What are the conditions under which
 one choice of language is more convenient than another? If you are a
 stenographer required to take rapid dictation, there is no doubt that
 you will prefer shorthand to old-English lettering. No disinterested
 third party will ever be in doubt as to whether Roman numerals are
 less convenient than arabic numerals for the solution of problems in
 commercial arithmetic; and the same goes for a comparison between a
 decimal system of coinage and that used by the English.

 A comparison between a language like French and one like German
 or English or Chinese is a little more difficult. We might concede that
 any proposition in one language is translatable into another. But that
 is not relevant to the psychological question as to whether one language
 is intrinsically more convenient for a certain purpose than another. We
 often hear it said that French is a very clear language, and that German
 is a very opaque one. This is illustrated by the story that Hegel did
 not really understand his philosophy until he had read the French
 translation!

 I do not know whether there is anything in this or not. It seems to
 me that B6hm-Bawerk or Wicksell written in German is quite as
 straightforward as in English; whereas I find Max Weber or Talcott
 Parsons difficult to understand in any tongue. I suspect that certain
 cultures develop certain ways of tackling problems. In nineteenth cen-
 tury German economics it was popular and customary to ask about a
 problem like interest or value: What is the essence of interest or value?
 After this qualitative question is answered, then the quantitative level
 of the rate of interest or price-ratio can be settled. Now I happen to
 think that this is sterile methodology. But I cannot blame it on the
 German language.
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 It is interesting, however, that Menger wrote a letter to Walras on
 this very subject. As reported by Professor Jaffe's interesting article
 (Journal of Political Economy, 1936), Menger said that mathematics

 was all very well for certain descriptive purposes, but that it did not
 enable you to get at the essence of a phenomenon. I wish I thought it
 were true that the language of mathematics had some special faculty
 of drawing attention away from pseudo problems of qualitative
 essence. For, unlike Menger, I should consider that a great advantage.

 Baconian and Newtonian Methods. There are many empirical fields
 where translation into mathematical symbols would seem to have no
 advantage. Perhaps immunology is one, since I am told not a single
 cure for disease-vaccination against smallpox, inoculation for diph-
 theria, use of penicillin and sulpha, and so forth-has been discovered
 by anything but the crudest empiricism and with sheer accident play-
 ing a great role. Here the pedestrian methods of Francis Bacon show
 up to much greater advantage than do the exalted methods of a New-
 ton. If true, we must simply accept this as a fact. I am sure that many
 areas of the social sciences and economics are at present in this stage.
 It is quite possible that many such areas will always continue to be in
 this stage.

 Pareto regarded sociology as being of this type. But curiously

 enough, he goes on to argue that the chief virtue of mathematics is in
 its ability to represent complexly interacting and interdependent phen-
 omena. I think we must accept this with a grain of salt. Analogies with
 complicated interdependent physical systems are valuable if they alert
 us to the dangers of theories of unilateral causation. But after mathe-
 matical notions have performed the function of reminding us that
 everything depends upon everything else, they may not add very much
 more-unless some special hypotheses can be made about the facts.

 On the other hand, there are areas which over the years have fallen
 into the hands of the mathematically annointed. Earlier I mentioned the
 case of symbolic logic. There are still some girls' seminaries where
 literary logic rules the roost; but no sensible man expects that in the
 centuries ahead the field of logic will be deloused of mathematics.

 Another field is that of physics. Its capture by mathematics is a fact
 -as solid and irreversible as the second law of thermodynamics itself.

 It is dangerous to prophesy. But I suspect that in some small degree
 the same will hold of the field of economic theory. For a century
 mathematics knocked at the door. Even today it has no more than a
 foot in the doorway. But the problems of economic theory-such as
 the incidence of taxation, the effects of devaluation-are by their
 nature quantitative questions whose answer depends upon a superposi-
 tion of many different pieces of quantitative and qualitative informa-
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 tion. When we tackle them by words, we are solving the same equations
 as when we write out those equations.

 Now I hold no brief for econonmic theory. I think the pendulum will
 always swing between interest in concrete description and attempts to
 construct abstract summaries of experience, with one decade and tra-
 dition giving more emphasis to the one process and another time and
 place giving emphasis to the other. But I do think that when the pen-
 dulum is swinging in favor of theory, there will be kind of a Gresham's
 law operating whereby the more convenient deductive method will dis-
 place the less convenient.

 Convenience of Symbols for Deduction. And make no mistake about
 it. To get to some destinations it matters a great deal whether you go
 afoot or ride by a train. No wise man studying the motion of a top
 would voluntarily confine himself to words, forswearing all symbols.
 Similiarly, no sensible person who had at his command both the tech-
 niques of literary argumentation and mathematical manipulation would
 tackle by words alone a problem like the following: Given that you
 must confine all taxes to excises on goods or factors, what pattern of
 excises is optimal for a Robinson Crusoe or for a community subject
 to prescribed norms?

 I could go on and enumerate other problems. But that is not neces-
 sary. All you have to do is pick up a copy of any economic journal and
 turn to the articles on literary economic theory, and you will prove the
 point a hundred times over.

 The convenience of mathematical symbolism for handling certain
 deductive inferences is, I think, indisputable. It is going too far to say
 that mathematicians never make mistakes. Like everybody else, they
 can pull some awful boners. But it is surprising how rare pure mistakes
 in logic are. Where the really big mistakes are made is in the formulation
 of premises. Logic is no protection against false hypotheses; or against
 misinterpretation of reality; or against the formulation of irrelevant
 hypotheses. I think it is one of the advantages of the mathematical
 medium-or, strictly speaking, of the mathematician's customary
 canons of exposition of proof, whether in words or symbols-that we
 are forced to lay our cards on the table so that all can see our premises.
 But I must confess that I have heard of card games-in fact I have
 participated in them myself-where knowingly or unknowingly, we
 have dealt cards from the bottom of the deck. So there are no absolute
 checks against human error.

 The Human Dilemma. In conclusion, ask yourself what advice you
 would have to give to a young man who steps into your office with
 the following surprisingly common story: "I am interested in economic
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 theory. I know little mathematics. And when I look at the journals, I
 am greatly troubled. Must I give up hopes of being a theorist? Must I
 learn mathematics? If so, how much? I am already past twenty-one;
 am I past redemption?"

 Now you could answer him the way Marshall more or less advised
 Schumpeter: forget economic theory. Diminishing returns has set in
 there. The world is waiting for a thousand important applications.

 This of course is no answer at all. Either the young man disregards
 your advice, as Schumpeter did. Or he accepts it, and psychologically
 you have dealt him the cruelest blow of all.

 I think a better answer might go somewhat as follows: Some of the
 most distinguished economic theorists, past and present, have been
 innocent of mathematics. Some of the most distinguished theorists have
 known some degree of mathematics. Obviously, you can become a
 great theorist without knowing mathematics. Yet it is fair to say that
 you will have to be that much more clever and brilliant.

 It happens to be empirically true that if you examine the training
 and backgrouind of all the past great economic theorists, a surprisingly
 high percentage had, or acquired, at least an intermediate mathematical
 training. Marshall, Wicksell, Wicksteed, Cassel, and even such literary
 economists as Nicholson or Malthus provide examples. This is omitting
 economists like Edgeworth, Cournot, Walras, Pareto, and others who
 were avowedly matlhematical economists.

 Moreover, without mathematics you run grave psychological risks.
 As you grow older, you are sure to resent the method increasingly.
 Either you will get an inferiority complex and retire from the field of
 theory or you will get an inferiority complex and become aggressive
 about your dislike of it. Of course, those are the betting odds and not
 perfect certainties. The danger is almost greater that you will overrate
 the method's power for good or evil. You may even become the prey
 of charlatans who say to you what Euler said to Diderot to get him to
 leave Catherine the Great's court: "Sir, (a + bV)/n = x, hence God
 exists; reply!" And, like Diderot, you may slink away in shame. Or
 reacting against the episode, you may disbelieve the next mathemati-
 cian who later comes along and gives you a true proof of the existence
 of the Deity.

 In short-your advice will continue-mathematics is neither a neces-
 sary nor a sufficient condition for a fruitful career in economic theory.
 It can be a help. It can certainly be a hindrance, since it is only too
 easy to convert a good literary economist into a mediocre mathematical
 economist.

 Despite the above advice, it is doubtful that when you check back
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 five years later on that young man he will be very different. In-
 deed, as I look back over recent years, I am struck by the fact that the
 species of mathematical economist pure and simple seems to be dying
 out and becoming extinct. Instead, as one of my older friends com-
 plained to me: "These days you can hardly tell a mathematical econ-
 omist from an ordinary economist." I know the sense in which he
 meant the remark, but let me reverse its emphasis by concluding with
 the question: Is that bad?
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